We deal with the elastic scattering by a large number M of rigid bodies of arbitrary shapes with maximum radius a, 0 < a << 1 with constant Lamé coefficients λ and µ. We show that, when these rigid bodies are distributed arbitrarily (not necessarily periodically) in a bounded region Ω of R 3 where their number is M := M (a) := O(a −1 ) and the minimum distance between them is
1 Introduction and statement of the results
The background
Let B 1 , B 2 , . . . , B M be M open, bounded and simply connected sets in R 3 with Lipschitz boundaries, containing the origin. We assume that their sizes and Lipschitz constants are uniformly bounded. We set D m := B m + z m to be the small bodies characterized by the parameter > 0 and the locations z m ∈ R 3 , m = 1, . . . , M .
Assume that the Lamé coefficients λ and µ are constants satisfying µ > 0 and 3λ + 2µ > 0 and the mass density ρ to be a constant that we normalize to a unity. Let U i be a solution of the Navier equation (∆ e + ω 2 )U i = 0 in R 3 , ∆ e := (µ∆ + (λ + µ)∇ div). We denote by U s the elastic field scattered by the M small bodies D m ⊂ R 3 due to the incident field U i . We restrict ourselves to the scattering by rigid bodies. Hence the total field U t := U i + U s satisfies the following exterior Dirichlet problem of the elastic waves where the two limits are uniform in all the directionsx := x |x| ∈ S 2 . Also, we denote U p := −κ −2
to be the longitudinal (or the pressure or P) part of the field U s and U s := κ 3) is well posed in the Hölder or Sobolev spaces, see [8, 9, 12, 13] for instance, and the scattered field U s has the following asymptotic expansion: 4. Ω to be a bounded domain in R 3 containing the small bodies D m , m = 1, . . . , M .
The results for a homogeneous elastic background
We assume that D m = B m + z m , m = 1, . . . , M , with the same diameter a, are non-flat Lipschitz obstacles, i.e. D m 's are Lipschitz obstacles and there exist constants t m ∈ (0, 1] such that B 3 tm
(z m ), where t m are assumed to be uniformly bounded from below by a positive constant. In [7] , we have shown that there exist two positive constants a 0 and c 0 depending only on the size of Ω, the Lipschitz character of B m , m = 1, . . . , M , d max and ω max such that if
then we have the following asymptotic expansion for the P-part, U ∞ p (x, θ), and the S-part, U ∞ s (x, θ), of the far-field pattern:
where α, 0 < α ≤ 1, is a parameter describing the relative distribution of the small bodies.
The vector coefficients Q m , m = 1, ..., M, are the solutions of the following linear algebraic system 8) for m = 1, ..., M, with Γ ω denoting the Kupradze matrix of the fundamental solution to the Navier equation with frequency ω, C m := ∂Dm σ m (s)ds and σ m is the solution matrix of the integral equation of the first kind 9) with I the identity matrix of order 3.
Consider now the special case
max and M max are positive. Then the asymptotic expansions (1.6-1.7) can be rewritten as
As the diameter a tends to zero the error term tends to zero for t and s such that 0 < t < 1 and 0 < s < min{2(1 − t),
In [7] , we have shown that Q m ≈ a, then we have the upper bound
Hence if the number of obstacles is M := M (a) := O(a −s ), s < 1 and t satisfies (1.12), a → 0, then from (1.10, 1.11), we deduce that
(1.14)
This means that this collection of obstacles has no effect on the homogeneous medium as a → 0.
Let us consider the case when s = 1. We set Ω to be a bounded domain, say of unit volume, containing the obstacles D m , m = 1, ..., M . Given a positive and continuous function K : R 3 → R, we divide Ω into [a
K(zm)+1 , with z m ∈ Ω m as its center and contains 
, as a → 0, as described above. 
where U ∞ 0 (x, θ) is the farfield corresponding to the scattering problem
with the radiation conditions
and the obstacles have the same capacitances C, then where C 0 = C in Ω and C 0 = 0 in R 3 \ Ω.
The results for variable background elastic mass density
Assume that the Lamé coefficients λ and µ are constants satisfying µ > 0 and 3λ + 2µ > 0 and the mass density ρ to be a measurable and bounded function which is equal to a constant that we normalize to a unity outside of a bounded domain Ω. We set ρ max to be the upper bound of ρ. In this case, the total field U t ρ := U i + U s ρ satisfies the following exterior Dirichlet problem of the elastic waves The scattering problem (1.20-1.22) is well posed in the Hölder or Sobolev spaces, see [8, 9, 12, 13] for instance, and the scattered field U s has the following asymptotic expansion:
uniformly in all directionsx ∈ S 2 . The longitudinal part of the far-field, i.e. U 
are the P-part and S-part of the farfields of the Green's function G ρ (x, z), of the operator ∆ e + ω 2 ρ in the whole space R 3 , evaluated in the directionx and the source point z m . The vector coefficients Q ρ,m , m = 1, ..., M, are the solutions of the following linear algebraic system 
, as a → 0, as described above.
1. If the obstacles are distributed arbitrarily in Ω, i.e. with different capacitances, then there exists a
where U ∞ ρ,0 (x, θ) is the farfield corresponding to the scattering problem
with the radiation conditions.
If in addition
and the obstacles have the same capacitances, then
where
Applications of the results and a comparison to the literature
The main contribution of this work is to have shown that by removing from a bounded region of an elastic background, modeled by constant Lamé coefficients λ and µ and a possibly variable density ρ, a number M := M (a) ∼ a −1 small and rigid bodies of radius a distant from each other of at least
, then the 'perforated' medium behaves, as a → 0, as a new elastic medium modeled by the same Lamé coefficients λ and µ but with a mass density-like ρ − (K + 1)C 0 ω −2 . The coefficient K models the local distribution (or the local number) of the bodies while the coefficient C 0 , coming from the capacitance of the bodies, describes the geometry of the small bodies as well as their elastic directional diffusion properties (i.e. the anisotropy character). In addition, we provide explicit error estimates between the far-fields corresponding to the perforated medium and the equivalent one. From this result we can make the following conclusions:
1. Assume that the removed bodies have spherical shapes. For these shapes the corresponding elastic capacitance C is of the form cI 3 (i.e. a scalar multiplied by the identity matrix). In section 4, we describe a more general set of shapes satisfying this property. Hence the equivalent mass density ρ − (K + 1)cω −2 is isotropic while for general shapes it might be anisotropic. To achieve anisotropic densities, a possible choice of the shapes might be an ellipse.
2. If we choose the local number of bodies K large enough or the shapes of the reference bodies, B m , m = 1, ..., M , having a large capacitance (i.e. a relative large radius) so that ρ − (K + 1)cω −2 < 0, then we design elastic materials having negative mass densities.
3. Assume that the background medium is modeled by variable mass density ρ > 1 in Ω. If we remove small bodies from Ω with appropriate K and/ or capacitance C 0 so that ρ − (K + 1)cω −2 = 1, then the new elastic material will behave every where in R 3 as the background medium. Hence the new material will not scatter the sent incident waves, i.e. the region Ω modeled by ρ will be cloaked. The 'equivalent' behavior between a collection of, appropriately dense, small holes and an extended penetrable obstacle modeled by an additive potential was already observed by Cioranescu and Murat [10, 11] and also the references therein, where the coefficient K is reduced to zero since locally they have only one hole. Their analysis is based on the homogenization theory for which they assume that the obstacles are distributed periodically, see also [5] and [16] .
In the results presented here, we do not need such periodicity and no homogenization is used. Instead, the analysis is based on the invertibility properties of the algebraic system (1.8) and the precise treatment of the summation in the dominant terms of (1.6)-(1.7). This analysis was already tested for the acoustic model in [1] . Compared to [1] , here, in addition to the difficulties coming from the vector character of the Lamé system, we improved the order of the error estimate, i.e. O(a min{γ, Let us finally mention that a result similar to (1.29), for the acoustic model, is also derived by Ramm in several of his papers, see for instance [17] , but without error estimates. Compared to his results, and as we said earlier in addition to the vector character of Lame model, we provide the approximation by improved explicit error estimates without any other assumptions while, as shown in [17, 18] for instance, in addition to some formal arguments, he needs extra assumptions on the distribution of the obstacles.
The rest of the paper is organized as follows. In section 2, we give the detailed proof of Theorem 1.2. In section 3, we describe the one of Corollary 1.3 by discussing the main changes one needs to make in the proof of Theorem 1.2. Finally, in section 4, we discuss some invariant properties of the elastic capacitance to characterize the shapes that have a 'scalar' capacitance.
2 Proof of Theorem 1.2
The fundamental solution
of the fundamental solution to the Navier equation is given by 
3) from which we can get the gradient
Using the formulas (2.3) and (2.4) we can have the following estimates, for x, y ∈ Ω, x = y, see [7] ;
The estimates (2.5) can be written as 6) for different points x, y ∈ Ω, where
The relative distribution of the small bodies
The following observation will be useful for the proof of Theorem 1. The constant C(B m ) is the acoustic capacitance of the reference body B m which can be estimated above and below by the Lipschitz character of B m , [6] . The following lemma provides us with the needed estimate on the invertibility of the algebraic system (1.8) whose coefficient matrix 'B' is given by;
Lemma 2.2. The matrix B is invertible and the solution vector Q m m = 1, ..., M, of (1.8) satisfies the estimate:
. In addition,
. As C m (B m ) is proportional to the radius of B m , then (2.12) will be satisfied if ω and the Lamé parameters λ and µ satisfy the condition
recalling thatc is defined in (2.7). Finally, let us observe that the right hand side of (2.13) depends only M max and the Lipschitz character of the reference obstacles B m 's. Proof of Lemma 2.2. We start by factorizing B as B = −(C −1 +B n ) where
is the identity matrix and B n := −C −1 − B. We have B : C 3M → C 3M , so it is enough to prove the injectivity in order to prove its invetibility. For this purpose, let X, Y are vectors in C 3M and consider the system
We denote by (·) real and (·) img the real and the imaginary parts of the corresponding complex vector/matrix. we also set C −1 by C I . From (2.14) we derive the following two identities:
and then
17)
Summing up (2.17) and (2.18) we obtain
The right-hand side in (2.19) can be estimated as 
Using Lemma 2.1, we deduce that 
and then the matrix B in algebraic system (1.8) is invertible.
The limiting model
From the function K, we define a bounded function K a : R 3 → R as follows:
Let C a be the 3 × 3 matrix having entries as piecewise constant functions such that C a | Ωm =C m for all m = 1, . . . , M and vanishes outside Ω. Here,C m are the capacitances of B m 's. From [7] , we can observe thatC m are defined through defined through C m :=C m a, and are independent of a.
We set
Consider the Lippmann-Schwinger equation
and set the Lamé potential
The coefficients K a and C a are uniformly bounded. The next lemma concerns the mapping properties of the Lamé potential. These properties are proved for the scalar Poisson potential in [8] , for instance. Similar arguments are applicable for the Lamé potential as well, so we omit to give the details.
is well defined and it is a bounded operator for any bounded domain Ω in R 3 , i.e. there exists a positive constant c 0 such that
We have also the following lemma. 
and 
is Fredholm with index zero and then we can apply the Fredholm alternative to I + V :
The uniqueness is a consequence of the uniqueness of the scattering problem corresponding to the model
where Y := Y i + Y s and Y s satisfies the Kupradze radiation conditions and Y i is an incident field. The estimate (2.32) can be derived, as it is done in [1] for the acoustic case, by coupling the invertibility of I + V :
(Ω) and the W 2,p − interior estimates of the solutions of the system (∆ e + ω 2 I − K a C a )Y = 0.
Case when the obstacles are arbitrarily distributed
The capacitances of the obstacles B j , i.e. C j are bounded by their Lipschitz constants, see [6] , and we assumed that these Lipschitz constants are uniformly bounded. Hence C a is bounded in L 2 (Ω) and then there exists a function
Since KC a is bounded in L ∞ (Ω), then from the invertibility of the Lippmann-Schwinger equation and the mapping properties of the Lamé potential, see Lemma 2.4, we deduce that U 
This is the Lippmann-Schwinger equation corresponding to the scattering problem ( 
Case when K is Hölder continuous
If we assume that K ∈ C 0,γ (Ω), γ ∈ (0, 1], then we have the estimate
Since the capacitances of the obstacles are assumed to be equal, we set C 0 to be a constant in Ω and C 0 = 0 in R 3 \ Ω. Recall that U 0 and U a are solutions of the Lippmann-Schwinger equations
The approximation by the algebraic system
For each m = 1, . . . , M , we rewrite the equation (2.29) as follows
Let us estimate the following quantities:
Estimate of A
By the decomposition of Ω, Ω := ∪
(2.39)
From (2.6) and from Section 2.2, we derive for l = m
, and
wherec depends only on ω and some universal constants. Then
Then, for l = m, (2.38) and (2.40) and observing thatC l is a constant matrix in Ω l , imply the estimate
for a suitable constant c 1 .
Regarding the integral Ωm Γ ω (z m , y)C a (y)U a (y)dy we do the following estimates: Taking the difference between (2.48) and (2.49) produces the algebraic system
Comparing this system with (1.8) and by using Lemma 2.2, we obtain the estimate 
Consider the far-field of type:
corresponding to the scattering problem (2.33) and set
Taking the difference between (2.52) and (2.51) we have:
Now, let us estimate the difference
ω cpx ·y U a (y). Using Taylor series, we can write
Using (2.56) we get the estimate
|U a (y − β(y − z j ))| dβ dy = cos θ − sin θ sin θ cos θ C 11 C 12 C 21 C 22 cos θ sin θ − sin θ cos θ = cos θ − sin θ sin θ cos θ C 11 cos θ − C 12 sin θ C 11 sin θ + C 12 cos θ C 21 cos θ − C 22 sin θ C 21 sin θ + C 22 cos θ (4.6) = C 11 cos 2 θ + C 22 sin 2 θ − (C 12 + C 21 ) sin θ cos θ C 12 cos 2 θ − C 21 sin 2 θ + (C 11 − C 22 ) sin θ cos θ C 21 cos 2 θ − C 12 sin 2 θ + (C 11 − C 22 ) sin θ cos θ C 11 sin 2 θ + C 22 cos 2 θ + (C 12 + C 21 ) sin θ cos θ .
We deduce from (4.6) and the symmetry of matrix C the following relations:
C 11 = C 11 cos 2 θ + C 22 sin 2 θ − 2C 12 sin θ cos θ (4.7)
C 22 = C 11 sin 2 θ + C 22 cos 2 θ + 2C 12 sin θ cos θ (4.8)
C 12 = C 12 cos 2 θ − C 12 sin 2 θ + (C 11 − C 22 ) sin θ cos θ. To show that C is scalar multiplied by the identity matrix we need to prove that C 11 = C 22 , for instance, and C 13 = C 31 = 0. For this purpose, we use another rotation. Taking the rotation around the z-axis 3 by one angle α = 0, π and proceeding as we did for the rotation about the x-axis, we show that C 11 = C 33 and C 13 = C 31 = 0.
(4.18)
From the above analysis, we have the following remark:
Remark 4.4.
1. For the spherical shapes, in particular, the capacitance is a scalar multiplied by the identity matrix.
2. Ellipsoidal shapes are invariant only under rotations with angle π (or trivially 0). For these shapes, the capacitance might not be a scalar multiplied by the identity matrix but a diagonal matrix instead.
To justify this property, the arguments in [3] can be useful.
